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Since the discovery of the Higgs boson at the Large Hadron Collider, a future electron-position
collider has been proposed for precisely studying its properties. We investigate the production of
the Higgs boson at such an e+e− collider associated with a Z boson, and calculate for the first time
the mixed QCD-electroweak corrections to the total cross sections. We provide an approximate
analytic formula for the cross section and show that it reproduces the exact numeric results rather
well for collider energies up to 350 GeV. We also provide numeric results for
√
s = 500 GeV, where
the approximate formula is no longer valid. We find that the O(ααs) corrections amount to a 1.3%
increase of the cross section for a center-of-mass energy around 240 GeV. This is significantly larger
than the expected experimental accuracy and has to be included for extracting the properties of the
Higgs boson from the measurements of the cross sections in the future.
INTRODUCTION
The discovery of the Higgs boson [1, 2] at the Large
Hadron Collider (LHC) marks a major milestone of high
energy physics. Since then, measuring its properties has
become a top priority of both experimental and theo-
retical particle physics. In particular, the knowledge of
the couplings of the Higgs field will let us verify the un-
derlying mechanism for electroweak symmetry breaking
and the origin of fermion masses, and may shed light
on the solution to the hierarchy problem. While the
LHC can produce a lot of Higgs bosons, the complicated
backgrounds prohibit sufficiently precise measurements
to be achieved. For this reason, a next-generation high-
luminosity electron-positron collider served as a Higgs
factory is undergoing active discussions in the commu-
nity. Notable candidates include the Circular Electron-
Positron Collider (CEPC) [3], the International Linear
Collider (ILC) [4] and the FCC-ee [5]. Thanks to the
clean environment and the high luminosity, many impor-
tant properties of the Higgs boson can be measured to
extremely high precisions at these machines, often orders
of magnitude better than the LHC [6]. This will provide
stringent tests of the Standard Model (SM) and has the
potential to indirectly probe new physics beyond the SM
which might exist at very high energy scales.
At an electron-positron collider with the center-of-
mass energy
√
s ∼ 240 GeV, the main production mech-
anism for the Higgs boson is the associated production
of a Higgs boson and a Z boson. At the CEPC, the pro-
duction cross section σ(e+e− → ZH) can be measured
to an extremely high precision of 0.51% [3]. As a result,
the coupling of the Higgs boson with the Z boson can
be extracted with a precision of 0.25%. The FCC-ee has
claimed an even higher accuracy for this cross section
[7, 8]. The studies on the various properties of the Higgs
boson rely crucially on detailed investigations of this pro-
duction channel. Obviously, the theoretical prediction
for this process within the SM has to be known with a
similar or even higher precision than the experimental
one in order for these investigations to be meaningful.
The calculations of higher order radiative corrections are
therefore indispensable for the Higgs factory projects.
An important feature of the Higgs factories is that the
ZH cross section and hence the HZZ coupling can be
measured by tagging the leptonically decaying Z boson.
In this way one does not need to resort to any particular
decay mode of the Higgs boson. Since the branching ra-
tios for the leptonic decays of the Z boson are precisely
known, the main theoretical uncertainty comes from our
knowledge of the inclusive cross section σ(ZH). The
next-to-leading order (NLO) electroweak (EW) correc-
tions to σ(ZH) have been calculated in [9–11]. It was
shown that the leading order (LO) cross sections as well
as the NLO weak corrections depend crucially on the
renormalization scheme used. The total NLO cross sec-
tions, on the other hand, are much more stable as ex-
pected. For a Higgs mass mH ∼ 125 GeV, the NLO
cross section reaches its maximum σ(ZH) ∼ 230 fb for√
s ∼ 240 GeV. This is exactly the design energy of Higgs
factories.
Besides the purely weak corrections, there are purely
quantum electrodynamics (QED) corrections involving
virtual photon exchanges and initial state radiations
(ISRs). The QED corrections contain logarithmic en-
hancements due to soft and collinear photons and can
be quite sizable. In [9–11], it was shown that the NLO
QED corrections decrease the ZH cross section signifi-
cantly. The higher order soft photon corrections can be
resummed [12], while the hard-collinear corrections have
been calculated to the third order [13, 14]. These correc-
tions are often implemented in Monte Carlo event gener-
2ators. A recent study [15] using the WHIZARD package
[16] confirms that the ISR effects reduce σ(ZH) by more
than 10% at the CEPC.
Given all these efforts, the theoretical accuracy of the
ZH cross section is still not sufficient to match the high
experimental precision at Higgs factories, and higher or-
der effects must be considered. In [17], higher order cor-
rections for a closely related process H → ZZ∗ → Zl+l−
were estimated in the large mt approximation. For
e+e− → ZH , one needs to go beyond the large mt limit
due to the higher energy scales involved. In this Letter,
we take the first step forward by computing exactly the
mixed QCD-EW O(ααs) corrections to σ(ZH), which
consist of the main part of the next-to-next-to-leading
order (NNLO) corrections for this observable. Our re-
sults provide the most precision theoretical predictions
for Higgs boson production at Higgs factories, and should
be used when extracting the properties of the Higgs bo-
son, in particular the HZZ coupling, from experimental
measurements in the future.
METHODS
We consider corrections to the leading order process
e−(k1) + e
+(k2)→ Z∗(q)→ Z(p1) +H(p2) , (1)
and we define s ≡ Q2 ≡ q2. The leading order cross
section can be written as
σLO =
2πα2|~p1|/
√
s
3
(
s−m2Z
)2
s2wc
2
w
(
E2Z + 2m
2
Z
)
(v2e + a
2
e) , (2)
where EZ = (Q
2 +m2Z −m2H)/(2Q) is the energy of the
on-shell Z boson in the rest frame of qµ (i.e., the e+e−
center-of-mass frame), sw = sin θw and cw = cos θw with
θw the weak mixing angle, ve = (−1/4 + s2w)/(swcw)
and ae = 1/(4swcw) coming from the vector and axial-
vector couplings of the electron with the Z boson, and
|~p1|2 = E2Z −m2Z .
The O(ααs) corrections to the cross section can be
decomposed into 3 parts
σααs = σααsZ + σ
ααs
γ + σ
ααs
eeZ , (3)
where σZ consists of corrections to the HZZ vertex (in-
cluding bubble insertions on the off-shell Z∗ propagator),
σγ contains contributions from the loop-induced HZγ
∗
vertex (including the Z∗-γ∗ bubble diagrams), and σeeZ
arises from the counter-term for the eeZ vertex. The
most general Lorentz structure of the HZV vertices can
be written as
T µνHZV =
iemZ
swcw
(
pµ1p
ν
1T1,V + q
µqνT2,V − pµ1 qνT3,V
− q
µpν1
QEZ
T4,V + g
µνT5,V − ǫµνρσp1ρqσT6,V
)
. (4)
Among the coefficients Ti,V in the above formula, only
T4,V and T5,V contribute to the unpolarized cross section:
σααsV =
4πα2|~p1|/
√
s
3
(
s−m2Z
)
s2wc
2
w
CV
× [(E2Z + 2m2Z)ReTααs5,V − (E2Z −m2Z)ReTααs4,V ] , (5)
where CZ = (v
2
e + a
2
e)/(s − m2Z) and Cγ = ve/s. The
contribution from the counter-term for the eeZ vertex is
given by
σααseeZ =
4πα2|~p1|/
√
s
3
(
s−m2Z
)2
s2wc
2
w
(
E2Z + 2m
2
Z
)[δZααsγZ
2
ve+
(
δZααsZZ
2
+ δZααse
)(
v2e + a
2
e
)
+ veδv
ααs
e + aeδa
ααs
e
]
,
(6)
where δve = −δc2w(1 + 2s2w)/(8s3wc3w) and δae = δc2w(1 −
2s2w)/(8s
3
wc
3
w).
For the calculation of T4,V and T5,V , we generate the
relevant Feynman diagrams using both FeynArts [33] and
QGRAF [19]. The resulting amplitudes are further ma-
nipulated with FORM [20]. The 2-loop integrals arising
from the triangle diagrams with a top quark loop are
reduced to a minimal set of 41 master integrals using Re-
duze 2 [21] and FIRE [22], which implement the Laporta
algorithm [23] for solving integrate by parts (IBP) iden-
tities. Part of these master integrals, together with those
in the bubble diagrams and those in the calculation of
renormalization constants, can be calculated analytically
using the method of differential equations [24]. The re-
maining master integrals do not admit analytic solutions
and we evaluate them with two different methods.
The first method involves an series expansion in 1/mt.
This expansion breaks down once the center-of-mass en-
ergy goes above the tt¯ threshold. We therefore expect
that this method is valid for
√
s < 2mt. The leading con-
tribution to the O(ααs) correction is of orderm2t , and we
perform the expansion up to order m−4t . In this way we
obtain an approximate analytic formula for the cross sec-
tion. This approximate result is to be compared with the
result from a purely numerical evaluation of the difficult
master integrals using the method of sector decomposi-
tion [25, 26]. For this second method we have used a fast
private code documented in [27], and cross-checked with
SecDec [28] whenever possible.
We renormalize the fields and the masses in the on-
shell scheme. The weak mixing angle is defined by the
on-shell relation cw = mW /mZ , whose renormalization
constant is given by δc2w/c
2
w = δm
2
W /m
2
W−δm2Z/m2Z . For
the renormalization of the fine structure constant α, we
choose to work in schemes which are insensitive to non-
perturbative effects and to the masses of light fermions
such that we can safely take them to zero. Specifi-
cally, we show results in two different schemes. The
3first scheme involves renormalizing α in the MS scheme
for all contributions except the top quark loop, which
is subtracted on-shell. In this scheme the fine struc-
ture constant becomes scale-dependent and we denote
it by αˆ(µ). An alternative scheme is to subtract the
low-energy contributions due to light fermions from the
on-shell renormalized α(0), and define an effective cou-
pling α(mZ) = α(0)/
(
1 − ∆α(mZ)
)
. For a review of
these schemes and the recent evaluations of the hadronic
contributions to ∆α(mZ), see [29].
As mentioned before, the benefit of performing the ex-
pansion in 1/mt is that we obtain an approximate ana-
lytical formula for the cross section, which allows much
faster numerical evaluations compared to the sector de-
composition method. For our numerical results in the
next section we have used the expansion up to orderm−4t .
Due to the limited space, we give below the analytic re-
sults up to order m0t , which will prove to be a sufficiently
accurate approximation for
√
s ∼ 250 GeV. We begin
with the simpler ones:
Tααs4,γ =
α
4π
αs
4π
CF
8QEZvt
m2Z
+O(m−2t ) , (7)
Tααs5,γ =
α
4π
αs
4π
CF
[
8QEZvt
m2Z
(8)
−
(
21− 44s2w
)
Q2
3swcw(Q2 −m2Z)
(
ln
Q2
m2Z
+ iπ
)]
+O(m−2t ) ,
Tααs4,Z =
α
4π
αs
4π
CF
QEZ
m2Z
(
−12v2t +
4
3
a2t
)
+O(m−2t ) ,
(9)
where vt = (1/4− 2s2w/3)/(swcw) and at = −1/(4swcw)
come from the vector and axial-vector couplings of the
top quark with the Z boson. Note that all the above 3
coefficients vanish at the leading order. The most com-
plicated coefficient is T5,Z, which equals 1 at tree-level.
It is given by
Tααs5,Z =
α
4π
αs
4π
CF
{
m2t
m2Z
a2t
(
30− 12π2 − 264Lt − 144L2t
)
+
(
45− 84s2w + 88s4w
)
6s2wc
2
w(Q
2 −m2Z)
[
m2Z +Q
2
(
ln
Q2
m2Z
+ iπ − 1
)]
− 12(v2t + a2t )
QEZ
m2Z
− 4
3
a2t
m2H
m2Z
}
+O(m−2t ) (10)
+
[
δZe + δZZZ +
1
2
δZH +
δm2Z
2m2Z
+
δc2w(c
2
w − s2w)
2s2wc
2
w
]ααs
finite
,
where Lt = ln(µ
2/m2t ), and the subscript “finite” refers
to the finite part of the various renormalization con-
stants.
The renormalization constants appearing in Eqs. (6)
and (10) are calculated exactly with the help of differen-
√
s (GeV) σLO (fb) σNLO (fb) σNNLO (fb) σ
exp.
NNLO (fb)
240 256.3(9) 228.0(1) 230.9(4) 230.9(4)
250 256.3(9) 227.3(1) 230.2(4) 230.2(4)
300 193.4(7) 170.2(1) 172.4(3) 172.4(3)
350 138.2(5) 122.1(1) 123.9(2) 123.6(2)
500 61.38(22) 53.86(2) 54.24(7) 54.64(10)
TABLE I. Total cross sections at various collider energies in
the MS scheme.
√
s (GeV) σLO (fb) σNLO (fb) σNNLO (fb) σ
exp.
NNLO (fb)
240 252.0 228.6 231.5 231.5
250 252.0 227.9 230.8 230.8
300 190.0 170.7 172.9 172.9
350 135.6 122.5 124.2 124.0
500 60.12 54.03 54.42 54.81
TABLE II. Total cross sections at various collider energies in
the α(mZ) scheme.
tial equations. We have checked that our results agree
with those in [30, 31].1
RESULTS
In this section we present the numerical predictions
from our calculations. We choose the input parame-
ters as mt = 173.3 GeV, mH = 125.1 GeV, mZ =
91.1876 GeV, mW = 80.385 GeV, αˆ(mZ) = 1/127.94,
α(mZ) = 1/128.933 and αs(mZ) = 0.118 [29]. The de-
fault renormalization scale is chosen as µ0 =
√
s/2. The
renormalization group evolutions of the coupling con-
stants are performed at 4 loops for αˆ [32] and 2 loops
for αs. We calculate the NLO weak corrections using
FeynArts [33] and FormCalc [34].
In Table I we show the NNLO predictions along with
the LO and the NLO cross sections in the MS scheme
for center-of-mass energies
√
s = 240 GeV, 250 GeV,
300 GeV, 350 GeV and 500 GeV. The results from the
1/mt expansion up to order m
−4
t are also shown in the
5th column in the table. In Table II, we show the same
information, but in the α(mZ) scheme. We find that the
O(ααs) corrections increase the NLO cross section by
about 1.3% for all 3 collider energies below the tt¯ thresh-
old of about 346 GeV. This effect is significantly larger
than the expected experimental accuracies of Higgs fac-
tories. Our results are therefore crucial for extracting
theoretical parameters from precision measurements at
1 There is a typo in [30] relevant for the W± boson self-energies,
which was corrected in [35].
4these future facilities. We also see that the 1/mt expan-
sion approximates the exact results remarkably well for
these 3 energies. The digits in the parentheses reflect the
variations of the cross sections with respect to the renor-
malization scale µ by a factor of 2 around the default scale
µ0 =
√
s/2. We observe that the variations of the NLO
cross sections are too small to cover the higher order cor-
rections, which is common for electroweak observables.
The mixed QCD-EW corrections introduce dependence
on strong interactions for the first time in the perturba-
tive series. As a result, the NNLO cross sections exhibit
larger scale variations than the NLO ones. Comparing
Table I and II, one can see that the results in the two
schemes are quite close to each other. For the NNLO re-
sults, the difference between the two schemes are similar
in size to the effect of scale variation in the MS scheme.
We use these to give a rough estimate that the size of
even higher order corrections amounts to about 0.2%.
Once we go for higher energies above the tt¯ thresh-
old, the 1/mt expansion is expected to break down. In
this case one has to rely on the numerical methods.
Nevertheless, we observe from Table I and II that for√
s = 350 GeV, the 1/mt expansion still does a reason-
able job to describe the O(ααs) correction. We also see
that, due to the threshold enhancement, the NNLO cor-
rection can reach 1.5% of the NLO cross section. The
energy
√
s = 350 GeV is just slightly above the tt¯ thresh-
old2, and is a design energy of the ILC and the FCC-ee
to study the properties of the top quark, which makes it
particularly interesting. Our result provides the essen-
tial theoretical input to continue investigating the Higgs
boson at this collider energy.
Going further up to higher energies, the main task
of the colliders becomes producing new particles below
the TeV scale rather than precisely measuring standard
model processes, and the ZH cross section is not as im-
portant as in previous cases. Nevertheless, we give the
results for
√
s = 500 GeV in Table I and II for demonstra-
tion purposes. It is clear that the asymptotic expansion
completely fails here: the 1/mt expansion up to order
m−4t overestimates the size of the NNLO correction by a
factor of 2.
To further assess the behavior of the 1/mt expansion,
we show in Table III the fractions of different orders of the
expansion in the full O(ααs) corrections at the default
scale µ =
√
s/2 in the MS scheme. Results in the α(mZ)
scheme are similar and we do not show them here. Again
we show the results for 5 different center-of-mass energies.
2 This fact also makes the numerical evaluation of the master in-
tegrals for
√
s = 350 GeV rather difficult. For this reason, many
optimizations over the original version of the program reported
in [27] are implemented to further improve the efficiency. We are
not able to cross-check this result using the current public ver-
sion of SecDec (3.0.9) with the computation resource attainable
to us.
√
s (GeV) O(m2t ) O(m0t ) O(m−2t ) O(m−4t )
240 81.8% 16.2% 1.4% 0.4%
250 81.7% 16.1% 1.5% 0.5%
300 80.0% 15.2% 2.1% 1.1%
350 69.7% 12.6% 2.7% 2.1%
500 137% 18.6% 17.3% 31.1%
TABLE III. Convergence of the 1/m2t expansion for the mixed
QCD-EW corrections in the MS scheme with µ =
√
s/2.
The most important one is
√
s = 240 GeV, which exhibits
the largest production cross section and also very high lu-
minosity can be achieved experimentally, and therefore is
the design energy of Higgs factories. At this energy, we
see that the leading O(m2t ) term accounts for about 82%
of the total corrections, while the subleading O(m0t ) term
accounts for another 16%. The even higher power contri-
butions are negligible here. These demonstrate the good
convergence of the 1/mt expansion and the usefulness
of our approximate analytical formula, which evaluates
much faster than the sector decomposition method. It
provides an efficient and reliable way to perform high
precision physics analyses for Higgs factories.
As we increase the center-of-mass energy, it can be
seen that the size of the power corrections starts to grow
gradually. The 1/mt expansion still provides very good
approximations to the full results as long as the energies
are below or even slightly above the tt¯ threshold. For√
s = 500 GeV which is far beyond the threshold, the
power series tends to diverge as expected.
SUMMARY AND OUTLOOK
In this Letter, we calculated the mixed QCD-
electroweak corrections to the associated production of
a Higgs boson and a Z boson at future electron-positron
colliders. We found that the O(ααs) corrections increase
the cross sections by about 1.3%, which is significantly
larger than the expected experimental accuracies of the
Higgs factories. Our results should be used when ex-
tracting the properties of the Higgs boson, in particular
the HZZ coupling, from future precision measurements
of the ZH production cross section. While we only pre-
sented our predictions for the total cross sections in this
Letter, it is rather straightforward to use our formula
to study the kinematic distributions as well as polarized
scatterings with high precisions.
We have shown that for center-of-mass energies be-
low the tt¯ threshold, the approximate analytic formula
obtained in the 1/mt expansion agrees remarkably well
with the exact numeric results. This is especially im-
portant for the design energy of the Higgs factories√
s ∼ 240 GeV, as it provides a fast and reliable method
5to perform physics analyses with high precisions. We
have also shown that even for
√
s = 350 GeV, which is
slightly above the tt¯ threshold and is a design energy of
the ILC and the FCC-ee to study the top quarks, the
approximate formula is still valid with good precisions.
For higher collider energies which can be achieved at the
ILC and the FCC-ee, such an expansion breaks down for√
s much larger than 2mt, and we have explicitly demon-
strated that for
√
s = 500 GeV.
The mixed QCD-EW corrections calculated in this Let-
ter brings the accuracy of the theoretical prediction for
the ZH cross section to a regime comparable to the ex-
pected experimental accuracy at Higgs factories. At this
point, one should further consider several other impor-
tant effects. First of all, as we stated in the Introduc-
tion, one should add the QED corrections upon our re-
sults. Secondly, in addition to the production process,
one should combine the NNLO corrections to the decay
of the on-shell Z boson to leptons and also consider the
corrections from the finite width of the Z boson. Finally,
it is interesting to know the size of the two-loop weak
corrections of order α2. Such a calculation is unlikely
to be done with analytic methods. However, with the
recent developments in the numerical evaluation of loop
integrals, a purely numerical estimation of the remaining
NNLO effects should be possible in the near future.
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